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a b s t r a c t

We present a new matrix-logarithm model of the realized covariance matrix of stock returns. The
model uses latent factors which are functions of lagged volatility, lagged returns and other forecasting
variables. The model has several advantages: it is parsimonious; it does not require imposing parameter
restrictions; and, it results in a positive-definite estimated covariance matrix. We apply the model to the
covariance matrix of size-sorted stock returns and find that two factors are sufficient to capture most of
the dynamics.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

The variances and covariances of stock returns vary over
time (e.g. Andersen et al., 2005). As a result, many important
financial applications require amodel of the conditional covariance
matrix. Three distinct categories ofmethods for estimating a latent
conditional covariance matrix have evolved in the literature. In
the first category are the various forms of the multivariate GARCH
model where forecasts of future volatility depend on past volatility
and shocks (e.g. Bauwens et al., 2006). In the second category,
authors have modeled asset return variances and covariances as
functions of a number of predetermined variables (e.g. Ferson,
1995). The third category includesmultivariate stochastic volatility
models (e.g. Asai et al., 2006).

In this paper, we introduce a new model of the realized
covariance matrix.1 We use high-frequency data to construct
estimates of the daily realized variances and covariances of five
size-sorted stock portfolios. By using high-frequency data we
obtain an estimate of the matrix of ‘quadratic variations and
covariations’ that differs from the true conditional covariance
matrix by mean zero errors (e.g. Andersen et al. (2003) and
Barndorff-Nielsen and Shephard (2004a)). This provides greater
power in determining the effects of alternative forecasting
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1 Andersen et al. (2001) and Barndorff-Nielsen and Shephard (2002) formalized
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variables on equity market volatility when compared to efforts
based on latent volatility models.

We transform the realized covariance matrix using the matrix
logarithm function to yield a series of transformed volatilities
which we term the log-space volatilities. The matrix logarithm
is a non-linear function of all of the elements of the covariance
matrix and thus the log-space volatilities do not correspond one-
to-one with their counterparts in the realized covariance matrix.2
However, modeling the time variation of the log-space volatilities
is straightforward and avoids the problems that plague existing
estimators of the latent volatility matrix. In particular, we do not
have to impose any constraints on our estimates of the log-space
volatilities.

We then model the dynamics of the log-space volatility matrix
using a latent factor model. The factors consist of both past
volatilities and other variables that can help forecast future
volatility. We thus are able to model the conditional covariance
matrix by combining a large number of forecasting variables into
a relatively small number of factors. Indeed we show that two
factors can capture the volatility dynamics of the size-sorted stock
portfolios.

The factor model is estimated by GMM yielding a series
of filtered estimates. We then transform these fitted values,
using the matrix exponential function, back into forecasts of
the realized covariance matrix. Our estimated matrix is positive

2 The matrix logarithm has been used for estimators of latent volatility by Chiu
et al. (1996) and Kawakatsu (2006) and was also suggested in Asai et al. (2006).
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